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Field Modeling for Plate-Core Inductor With Significant
Fringing Using Equal-Flux Contours
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An inductor with winding sandwiched between two core plates is analyzed to model the nonuniform distribution of magnetic
field. The winding is placed near the edge of the core to maximize the energy within the limited footprint such that the amount
of energy stored outside the core volume is not negligible. The proportional-reluctance, equal-flux model is developed to build the
contours with equal amount of flux by governing the reluctance of the flux path. The shapes of the flux lines are modeled by
different functions that are guided by the finite-element simulation. The field calculated from the flux lines enables calculation of
inductance, winding loss, and core loss. The inductance is used as a figure of merit to evaluate the modeling accuracy. Prototypes
made of flexible circuit for inductors with different layouts are measured to verify the model. The measured inductances agree with
the modeled result by less than 13% error.

Index Terms— Flux contours, magnetic field modeling, planar magnetics, plate core.

I. INTRODUCTION

PLANAR magnetics [1]–[8] are widely used in high-
frequency power converters for the benefits of low profile

and capability for integration. Research on miniature power
converters using planar cores and printed circuit board winding
technologies [3]–[9] shows significant improvements in power
density and thermal characteristics compared to conventional
wire-wound magnetic components. Analytical models of the
planar magnetics are useful for designing and optimizing the
performance [10]–[15], among which modeling the magnetic
field is essential since all the performance factors (inductance,
winding loss, core loss, and so on) depend on the field
distribution.

A. Plate-Core Inductor

The plate-core structure discussed herein is simple and
easy for manufacturing, because the core has no vertical
bridges such as the E-cores and PQ cores. The plate-core
inductor comprises a spiral winding sandwiched between top
and bottom magnetic plates as shown in Fig. 1(a). This
structure not only improves the inductance by more than three
times compared to the air-core inductor [11]–[14] but also
has the potential advantage of being compatible for integrated
circuits [1], [3].

There are several existing methods for modeling the field
of the plate-core inductor. A classical way is using the
current image method [14] by reflecting the current between
the boundaries alternately and using these image currents
to calculate the magnetic potential A. Another method is
based on the mutual inductance calculation for two filaments
given by Maxwell with the additional impacts from the core
plates [15]. Both methods work well when the core plates
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Fig. 1. (a) Plate-core inductor. (b) 2-D cross-section view in cylindrical
coordinates showing equal-flux contours and constituent reluctances of one
path.

radius Rc can be considered infinitely large compared with
the winding outer radius (e.g., Rc > 2Rwo). However, the
boundary conditions become extremely complex and require
large amount of computation effort when the winding is similar
in dimension to the core plates (e.g., Rc ≈ Rwo). Applying
these existing methods to the finite plate-core structure results
in more than 35% error as shown in Fig. 2. The transmission
line model used in [16] and [17] tried to solve the flux
distribution in micro transformers with thin-film structures
where the magnetic flux inside the core plate only has the
lateral direction, which may oversimplify the field calculation
when a certain core thickness is required to achieve the
inductance value.

Compared to the conventional structure discussed in existing
literatures, the plate-core structure studied herein has the
following characteristics:

1) The winding is placed near the core radius Rc for the
benefit of higher inductance within a given footprint

0018-9464 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



8400610 IEEE TRANSACTIONS ON MAGNETICS, VOL. 53, NO. 9, SEPTEMBER 2017

Fig. 2. Comparison of error in inductance by applying [14] and [15] to
plate-core inductors with finite core dimension (Rwo ≈ Rc).

area for those applications insensitive to electromagnetic
interference caused by stray field. It is studied from
the finite-element simulation (FES) that larger winding
radii (Rwi and Rwo) increase the inductance density, and
the quality factor reaches the peak when the winding
outer radius Rwo is close to the Rc. Modeling the
boundary conditions and the fringing behavior are the
primary challenges to calculate the field distribution
accurately [18].

2) The magnetic material should have a relative permeabil-
ity at least more than 5 to comply with the approxima-
tion of flux shape in the modeling methodology. This
paper takes into account the field distribution inside the
core as one important factor. When the permeability is
too small, the flux is hardly constrained by the core
plates and the flux distribution is similar to that of an
air-core inductor discussed in [14] and [15].

3) When the air gap is extremely large, there is barely any
flux travels from one plate to the other and the leakage
flux becomes too large. The inductance is mainly con-
trolled by the air gap length, and the contribution from
the core plates becomes trivial. Therefore, the method
herein is valid for those structures with Rc/ lg > 5 where
the flux in the core and fringing area preserves elliptical
and circular patterns, respectively.

B. Methodology

The plate-core structure is divided into winding, core, and
fringing regions. The winding region is the gap between the
two core plates, i.e., |z| < Z p and 0 ≤ r ≤ Rc, where Z p =
0.5lg is the vertical coordinate of the bottom surface of the
top core plate. The core region comprises the core plates, i.e.,
Z p ≤ |z| ≤ Z p + Hc and 0 ≤ r ≤ Rc. The fringing region is
covered by |z| > Z p + Hc or r > Rc.

The magnetic flux density B is found from the magnetic
vector potential A by B = ∇ × A. Under axisymmetric
assumption, A = Aϕ · ϕ̂ and [1]

B = ∇ × A = 1

r

(

−∂(r Aϕ)

∂z
r̂ + ∂(r Aϕ)

∂r
ẑ
)

. (1)

Note that r Aϕ has dimension of flux and unit of Webers.
A contour/surface of equal r Aϕ is thus called an “equal-flux
contour/surface” herein.

Fig. 3. Flux density of an arbitrary point sandwiched by two equal-flux
contours.

Equal-flux contours �i and �i+1 are exemplified in Fig. 3,
where 1 ≤ i ≤ Nc , Nc is the number of contours. The area
between these contours defines “path” i . The magnetic flux
density B at the point (r0, z0) within path i is approximated
by the discretized version of (1)

B(r0, z0) = 1

r0

(

−�i − �i+1

zi − zi+1
r̂ + �i − �i+1

ri − ri+1
ẑ
)

= Br r̂ + Bz ẑ.

(2)

Finding B is thus synonymous to identifying the functions for
the equal-flux contours.

For simplicity, �i –�i+1 is set to a constant � herein.
This “constant �” is captured by the words “equal-flux” in
proportional-reluctance, equal-flux (PREF). An example of
equal-flux contours enclosing constant-� paths generated by
FESis shown in Fig. 1(b).

Each path i encloses Ampere-turns Ni I . It is characterized
by a reluctance �path_i [18], [19]. The contours �i are
synthesized such that

�path_i = Ni I

�
or � = Ni I

�path_i
. (3)

The proportionality between �path_i and Ni I in (3) is captured
by the words “proportional-reluctance” in PREF.

The objective of the PREF model is to construct the equal-
flux contours for magnetic field calculation. The synthesis
procedure is seeded by generating contours �1 and �2 by
the procedure described in Section II. The reluctance �path_1
is calculated for path 1 (formed by contours �1 and �2) by
the equations in Section III. The value for � is obtained from
� = N I/�path_1 where NI is the total Ampere-turns. The
reluctances �path_i (2 ≤ i ≤ Nc − 1) are calculated from (3),
and contours �i (3 ≤ i ≤ Nc) are synthesized by the procedure
in Section IV. The distribution of B throughout the volume
is determined from (2) and validated by FES in Section V.
The energy and inductance are then calculated and verified
experimentally in Section VI. Conclusions and future works
are given in Section VII.

II. FUNCTIONS FOR THE FLUX LINES

Each equal-flux contour �i is uniquely specified by its
intersections with the core edges at (Rx(i), ±Z p) as shown in
Fig. 4. It is modeled by piecewise continuous functions as it
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Fig. 4. Shape of flux lines at the cross-sectional area and initialized path for
calculation of total reluctance Rpath_1 and magnetic flux � shown in Fig. 1.

Fig. 5. (a) Plate-core inductor with fringing flux lines in the physical domain.
(b) Structure in the strip domain with infinite large core and straight flux lines.

traverses the winding, core, and fringing regions. An elliptical
function with two unknowns and a hyperbolic tangent function
with three unknowns describe the contour in the core region.
A second elliptical function with two unknowns describes the
contour in the winding region. The Schwarz–Christoffel (SC)
transformation [20]–[22] is used to generate the contours in
the fringing region. It is discussed first in Section II-A as it
involves no unknowns. Sections II-B and II-C explain how
to solve the unknowns for the functions from the boundary
conditions and the specified point (Rx(i),±Z p).

A. Fringing Region

Fig. 5(a) suggests that the flux in the fringing area is
hard to model using simple functions because of the finite
dimensions of the core and the crowding effect around the
corners. However, when the core becomes infinitely large,
as shown in Fig. 5(b), the flux can be modeled as straight
lines. MATLAB provides a toolbox that employs the SC
transformation [20]–[22] to transform the structure in Fig. 5(a)
and (b) based on numerical solutions. This toolbox used herein
for generating the flux contours in the fringing area and the

Fig. 6. Simulated and modeled θ f in Fig. 4 for Z p < z < Z p + Hc
at r = Rc .

boundary angles θ f along the right edge of the plate core. The
flux contours in the fringing region are obtained by reversely
mapping the straight flux lines back to the finite core structure.
The boundary angles θ f and θc are to be used for solving the
parameters in the core region in Section II-B.

The core radius Rc, core thickness Hc, and air gap
length lg are the three inputs for the transformation, and
the detailed procedure and mapping equations are given in
Appendix B. Therefore, the flux line flowing from an arbitrary
point P2(Rc + Zc · j) on the top core plate to the corre-
sponding point P ′

2(Rc − Zc · j) on the bottom core plate
[see Figs. 4 and 5(b)] can be obtained by transforming the
vertical line connecting point Tp (map of P2) to point T ′

p
(map of P ′

2).
The boundary angles θ f along the right edge of the core

plate are numerically found from the derivative of the flux
lines. For example, P3(Rc + �ri , Zc + �zi ) is a point close
to boundary point P2(Rc + Zc · j) along the i th flux line, and
the boundary angle is calculated from

θ f _i = arctan
�zi

�ri
. (4)

The plot of θ f along core plate is shown in Fig. 6 comparing
the result from SC transformation and FES. For simplicity,
only the fringing contours along the right edge of the plates
[AB and DE in Fig. 5(a)] are considered. Although the
fringing contours starting from the upper (lower) edge of the
top (bottom) plate can be constructed in the same method,
the reluctances formed by these contours are 2.6% of the total
reluctance and thus neglected.

The tangential angle at point P2(Rc, Zc(i)) is noted as θc

as shown in Fig. 4, where θc along the right edge of the core
plate is obtained from the boundary conditions of the contour
angles θ f in the fringing area

tan θc = μr tan θ f . (5)

Fig. 7 compares the angles θc modeled from SC transfor-
mation with those simulated with different Rc normalized to
lg . The modeled angles match well with simulation when the
Rc/lg is greater than 5 with less than 5 degree difference. When
the core radius Rc is comparable to the air gap length lg , SC
transformation is not valid for predicting the flux lines since
the core plate cannot be assumed infinite compared to air gap.
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Fig. 7. Simulated θc in Fig. 4 with different Rc/lg compared to modeled
result from SC transformation for Z p < z < Z p + Hc at r = Rc .

B. Core Region

The objective of Section II-B is to construct the contours
in the core region as shown in Fig. 1(b). The core region is
divided into two subregions by the zero-flux position R0H y

where the flux reverses direction and the vertical magnetic
field becomes 0 (see Fig. 4). The calculation of R0H y is
discussed in Appendix A. The i th flux line in the core (see
Fig. 4) starts from point (Rx(i), Z p), goes through middle
point (R0H y, Z0H y(i)), and ends at point (Rc, Zc(i)), where Z p,
R0H y , and Rc are known parameters, and Z0H y(i) and Zc(i)
are variables for each contour and they are determined from
Rx(i) specified. Section IV discusses that Rx(i) is numerically
searched for each contour such that the constant-flux require-
ment is satisfied. It is regarded as a known parameter in this
section.

An elliptical function and a hyperbolic tangent function
are used to model each contour inside the core. From (Rx(i),
Z p) to (R0H y, Z0H y(i)), elliptical functions fc1_i (r, z) are used
to describe the shape; from middle point (R0H y, Z0H y(i)) to
endpoint (Rc, Zc(i)), hyperbolic tangent functions fc2_i (r, z)
are used to describe the shape of the contour

fc1_i (r, z) : (r − R0H y)
2

a2
core_i

+ z2

b2
core_i

= 1 (6)

fc2_i (r, z) : z = γi · tanh(αcore_i · (βi − r)) (7)

where acore_i , bcore_i , αi , βi , and γi are the unknowns for i th
contour.

All the unknowns in the two functions are solved from
two boundary conditions (θp and θ f ) and the specified point
((Rx(i), Z p).

With a given value of the starting point (Rx(i), Z p), the two
unknowns acore_i and bcore_i in (6) are determined from the
conditions that point (Rx(i), Z p) is on the ellipse and the initial
angle is θp at point (Rx(i), Z p)

(Rx(i) − R0H y)
2

a2
core_i

+ Z2
p

b2
core_i

= 1 (8)

tan θp(Rx(i)) = −b2
core_i (Rx(i) − R0H y)

a2
core_i Z p

. (9)

Fig. 8. Simulated and modeled θp in Fig. 4 versus radius with Hc = 0.2Rc .

It is approximated that the initial angle θp of the ellipses
along the bottom core plate from 0 to R0H y decreases linearly
from 90° to 0°

θp(r) = 90o · (1 − r/R0H y). (10)

The comparison of this approximation and the simulation
result is shown in Fig. 8. This assumption is validated by
simulation results under various core plate thickness ranges
from 0.1 to 0.5Rc and the maximum discrepancy is less than
10%. Further improvement of modeling the angles requires
numerical functions, which will not be addressed herein.

The z-coordinate of the middle point equals the intercept of
the elliptical function determined from (8) and (9)

Z0H y(i) = bcore_i . (11)

In order to solve the three unknowns αi , βi , and γi in (7)
and the z-coordinate of the endpoint Zc(i), following four
conditions are employed.

1) Point P1 (R0H y, Z0H y(i)) is on the contour

Z0H y(i) = γi · tanh(αi · (βi − R0H y)). (12)

2) The tangential angle at point P1(R0H y, Z0H y(i)) is 0°

−αiγi · {1 − tanh2[αi · (βi − R0H y)]} = 0. (13)

3) The boundary point P2(Rc, Zc(i)) is on the contour

Zc(i) = γi · tanh(αi · (βi − Rc)). (14)

4) The tangential angle at point P2(Rc, Zc(i)) is noted
as θc, where θc along the right edge of the core plate
is obtained from the boundary conditions of the contour
angles θ f (see Fig. 6) in the fringing area

tan θci = μr tan θ f _i (Zc(i)) = −αiγi

·{1 − tanh2[αi · (βi − Rc)]}. (15)

By solving (8)–(15) simultaneously, the flux lines in the
core plate can be determined uniquely with the selected
point (Rx(i), Z p). Note that the flux does not necessarily
span the entire range of the core, and some flux end at the
upper (lower) edge of the top (bottom) core plate.
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C. Winding Region

The flux contours in the winding region are approximated
to be arcs with the general function

fw_i (r, z) : (r − hwind_i )
2 + z2 = R2

wind_i (16)

where hwind_i and Rwind_i are unknowns for i th contour.
With a given value of Rx(i), the two unknowns hwind_i

and Rwind_i in (16) are determined from the conditions that
point (Rx(i), Z p) is on the arc and the tangential angle θw

at point (Rx(i), Z p) satisfies boundary condition with θp (see
Fig. 8)

(Rx(i) − hwind_i )
2 + Z2

p = R2
wind_i (17)

tan θw_i = −(Rx(i) − hwind_i )

Z p
= μr tan θp(Rx(i)). (18)

A complete contour can be constructed using Figs. 6 and 8,
and (8)–(18) with the specified starting point (Rx(i), Z p).

III. RELUCTANCE CALCULATION

The reluctance of each path is the key parameter to
determine the flux � flowing in each path. The i th path
is formed by two closed contours (i th and (i + 1)th) with
starting points (Rx(i), Z p) and (Rx(i+1), Z p) as illustrated by
the highlighted area in Fig. 4. The reluctance of each path
is determined following the same method discussed in this
section. It will be used in the procedure to build complete
flux lines in Section IV.

The total reluctance of one path is the sum of all the
reluctances in each region

�path_i = �wind_i + 2�core_i + �fring_i (19)

where �path_i comprises four reluctances in series: reluctance
�wind of the winding region, two equal reluctances �core of
the core region, and reluctance �fringe in the fringing region
[see Fig. 1(b)].

The reluctance in each region is divided into Ninc
incremental reluctances in series, where Ninc is an integer.
Each incremental reluctance is calculated from the equivalent
area and length formed by four points Mi_ j (ri_ j , zi_ j ),
Mi_ j+1(ri_ j+1, zi_ j+1), Mi+1_ j (ri+1_ j , zi+1_ j ), and
Mi+1_ j+1(ri+1_ j+1, zi+1_ j+1) as shown in Fig. 4, where i is
the index for the contour number and j is the index of point
number (1 ≤ j ≤ Ninc + 1).

A. Reluctance in the Winding Region

The cross sectional area through a given point
Mi_ j (ri_ j , zi_ j ) on the i th contour is calculated by finding its
corresponding point Mi+1_ j (ri+1_ j , zi+1_ j ) on the (i + 1)th
contour. The coordinates of Mi+1_ j are determined from
which they satisfy fw_i+1(r,z) defined in (16)

(ri+1_ j − hwind_i+1)
2 + z2

i+1_ j = R2
wind_i+1 (20)

and that the coordinates of Mi+1_ j also satisfy the following
equation such that Mi_ j Mi+1_ j is perpendicular to the tangen-
tial line (derivative of fw_i+1(r,z)) at Mi+1_ j :

− ri_ j − ri+1_ j

zi_ j − zi+1_ j
= hwind_i+1 − ri+1_ j

zi+1_ j
. (21)

The values of (ri+1_ j , zi+1_ j ) can be exclusively determined
from (20) and (21) for any point Mi_ j along the i th contour,
and the cross section area Ainc for an incremental reluctance
at that point Mi_ j is

Ainc(i, j) =
√

(ri_ j − ri+1_ j )2 + (zi_ j − zi+1_ j )2

·π(ri_ j + ri+1_ j ). (22)

An incremental magnetic length is defined as the dis-
tance between the cross-sectional areas at Mi_ j (ri_ j , zi_ j )
and Mi_ j+1(ri_ j+1, zi_ j+1), where Mi_ j+1 is an incremen-
tal point along the i th contour. The corresponding points
determined from (20) and (21) on the (i + 1)th contour
are Mi+1_ j (ri+1_ j , zi+1_ j ) and Mi+1_ j+1(ri+1_ j+1, zi+1_ j+1),
respectively. The incremental magnetic length is calculated by
connecting the midpoint of Mi_ j Mi+1_ j and Mi_ j+1Mi+1_ j+1

linc(i, j) = 1

2

√

(ri_ j + ri+1_ j − ri_ j+1 − ri+1_ j+1)
2

+(zi_ j + zi+1_ j − zi_ j+1 − zi+1_ j+1)
2.

(23)

Therefore, the incremental reluctance formed by the four
points is found from the incremental magnetic length and the
average cross-sectional area by

�wind_inc(i, j) = linc(i, j)

μ0
1
2 (Ainc(i, j) + Ainc(i, j + 1))

. (24)

The reluctance in the winding region for i th path is found
from the sum of all the incremental reluctances

�wind_i =
Ninc
∑

j=1

�wind_inc(i, j) (25)

where Ninc is the number of increment reluctances along the
contour.

B. Reluctance in the Core Region

The incremental reluctance in the core region is found in a
similar way as in the winding region, except that the equations
for finding the coordinates of Mi+1_ j , which can be expressed
as

(ri+1_ j − R0H y)
2

a2
core_i+1

+ z2
i+1_ j

b2
core_i+1

= 1 (26)

− ri_ j − ri+1_ j

zi_ j − zi+1_ j
= R0Hy − ri+1_ j

zi+1_ j
· b2

core_i+1

a2
core_i+1

.

(27)

The coordinate of Mi+1_ j (ri+1_ j , zi+1_ j ) on the (i + 1)th
contour can be exclusively determined from (26) and (27).
The cross-sectional area at each point Mi_ j (ri_ j , zi_ j ) is
given by (22) and the incremental magnetic length is given
by (23), from which the incremental reluctance in the core
Rcore_inc(i, j) can be found by (24) substituting μ0 with μ0μr .

The reluctance in the core region for i th path is found from
the sum of all the incremental reluctances

�core_i =
Ninc
∑

j=1

�core_inc(i, j). (28)
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Fig. 9. Reluctance calculation in the fringing region between ith and (i+1)th
contours showing the cross-sectional areas and incremental magnetic length.

TABLE I

EXAMPLE DIMENSIONS OF A PLATE-CORE INDUCTOR

C. Reluctance in the Fringing Region

The coordinates of the four points comprising the incremen-
tal reluctance are directly obtained from the transformation
of the corresponding points along two vertical lines in the
infinite-core domain as illustrated in Fig. 9.

The cross-sectional area at each point Mi_ j (ri_ j , zi_ j ) is
given by (22) and the incremental magnetic length is given
by (23), from which the incremental reluctance in the fringing
�fring_inc(i, j) can be found by (24).

The reluctance in the fringing region for ith path is

�fring_i =
Ninc
∑

j=1

�fring_inc(i, j). (29)

IV. COMPLETE FLUX LINES

The procedure to obtain the complete flux lines is demon-
strated in Fig. 10. Each flux line is obtained following the
method in Section II, and each path-reluctance is calcu-
lated following the method in Section III. An “initialized”
path (i = 1) is specified first by drawing two initialized
contours starting from (Rx(1), Z p) and (Rx(2), Z p) as shown
in Fig. 4 by highlighted area. The reluctance Rpath_1 is
calculated to obtain the flux � based on (3). The starting
points (Rx(i), Z p) of the other flux lines are numerically
searched such that each path carries the same �, successively.

The starting points of the first two contours decide the width
of the initialized path and the value of the constant �. The
dimensions of a plate-core inductor are given in Table I as an
example. The point Rx(1) is selected to be the same as Rwi, and
the point Rx(2) is swept from 0.85 to 0.95Rwi. The distance
�R between Rx(1) and Rx(2) is given by Rx(1) − Rx(2).

The relationships among the total number of paths, flux in
each path, and �R are shown in Fig. 11 with 1 A excitation

Fig. 10. Flow chart to obtain the complete flux lines for plate-core inductors.

Fig. 11. Plot of flux carried by one path versus the total number of paths
for structure with dimensions in Table I and 1 A current excitation.

Fig. 12. Plot of starting point Rx(i) normalized to core radius Rc for different
total number of flux lines with structure dimensions in Table I.

in each turn. Smaller distance between the two points leads
to lower flux in each path, and more paths can be constructed
within the area. The normalized radius of the starting point
Rx(i) for each flux line versus different total number of paths
is shown in Fig. 12.

The modeled flux lines following the procedure
in Fig. 10 are shown in Fig. 13(a) for the inductor
described in Table I. The shapes of the modeled flux lines
are very close to those from the simulation, which validates
the modeling functions discussed in Section II.

V. MODELING RESULTS OF MAGNETIC FIELD

The flux lines shown in Fig. 13(a) are used to find the
magnetic field versus space from (2). For example, the mod-
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Fig. 13. Comparison of (a) simulated flux lines and (b) flux lines constructed
based on proportional reluctance, equal-flux model under same scale for the
plate-core inductor with dimensions listed in Table I.

eled and simulated flux density along the dashed curves in
Fig 13 (a) and (b) are compared in Fig. 14. The discrepancy
between model and simulation is caused by the shape approx-
imations and crowding effect due to the presence of windings.
The average error of the three paths shown is 11.4%.

The field is further verified by comparing the energy distri-
butions. The energies stored at different regions are extracted
from FES. They are compared to the corresponding energy
from the model by integrating (B2/2μ) over the volume as
shown in Fig. 15. The difference of distribution percentage
between the modeled and simulated energy is less than 3%.

It should be noted that the number of paths is not a
major concern that impacts the model accuracy. Although
larger number of paths gives better resolution of the field,
the energy (inductance) integrated from the field remains
constant after the number of paths is larger than 10.

VI. EXPERIMENTAL VERIFICATION

Magnetic field modeling allows predication of key perfor-
mance factors. The inductance can be calculated from energy
storage; the ac winding loss can be calculated from boundary
fields near the winding [24]; and the core loss can be calculated
from field distribution inside the magnetic material [25]. In this
paper, only inductance is used as an index to evaluate the
accuracy of the model, whereas the other factors will be
reported in the future.

The inductance is calculated from the total energy divided
by the square of the current. The energy stored by all the paths
is found from the integration of magnetic flux density

L = 2E

I 2 = 1

I 2

∫

B(r, z)2

μ
· dV . (30)

In order to verify the inductance calculation, several winding
layouts are designed and fabricated for measurement. The
prototype shown in Fig. 16 consists of a 3 × 4 inductor matrix

Fig. 14. Comparison of magnetic flux density along the path shown in Fig. 13.
(a) Winding region. (b) Core region. (c) Fringing region.

Fig. 15. Comparison of energy breakdown between (a) simulation and
(b) PREF model for the plate-core inductor with dimensions listed in Table I.

with different air gap lengths, inner winding radii, and number
of turns. Each row varies one parameter while keeping the
other parameters at the nominal values listed in Table I. The
detailed dimensions are listed in Table II.

The fabricated flexible circuit shown in Fig. 17(a) has 0.5 oz
copper layers on both sides. The spacing between the winding
turns is 3 mils, the dielectric spacing between the copper layers
is 2 mils, and the total thickness of the sheet is kept at 0.25 mm
as the nominal air gap. The air gap length of the first row
is adjusted by adding polyimide-tape layers. The round plate-
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Fig. 16. Layouts of winding matrix fabricated with flexible circuit for
inductance verification.

TABLE II

DIMENSIONS OF INDUCTOR PROTOTYPES

Fig. 17. (a) Flexible circuit fabricated with winding layouts shown in Fig. 16.
(b) Round magnetic core made of 4F1 NiZn ferrite with 10-mm diameter and
0.3-mm thickness.

core shown in Fig. 17(b) is made of 4F1 [23] material and has
a diameter of 10 mm and thickness of 0.3 mm. Two fixtures
are attached to the top and bottom of the flexible circuit in
order to maintain a stable air gap length between the two core
plates. The round core plates are inserted into the cavities on
the fixtures, and the assembled prototype used for testing is
shown in Fig. 18.

The prototype with inductor matrix is measured by
Impedance Analyzer 4294a from Agilent with four terminals
arranged in a Kelvin connection. The inductance of each layout
is measured and compared to the FES and PREF models as
shown in Fig. 19. For the parameters tested, the measurement

Fig. 18. Assembled inductor matrix prototype with single winding sand-
wiched between two fixtures on the top and bottom for stability.

Fig. 19. Comparisons of inductance measured with FEA and PREF modeled
results under different (a) air gap lengths, (b) winding inner radii, and
(c) number of turns.

shows good agreement with the simulation and modeling
results, with less than 16% variance.

Developing precise model gives more insights of the
problem such that it is useful for design and optimization.
Furthermore, the PREF model introduced herein is more com-
putational efficient than the FES result. Taking the structure
in Table I as an example, a 2-D magnetostatic simulation
takes about 3 mins with adaptive mesh refinement to 1% error
criterion, whereas the PREF model in MATLAB only takes 4 s
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Fig. 20. Schwartz-Christoffel transformation showing one vertical contour
in (a) strip domain, (b) half-plane domain, and (c) physical domain.

TABLE III

SCHWARTZ-CHRISTOFFEL TRANSFORMATION

to generate the field for inductance calculation. The difference
would be more dramatic for complex structures with more
number of turns or larger winding dimensions than the skin
depth.

VII. CONCLUSION

The PREF model is introduced to model the magnetic
field distribution for the plate-core inductors with finite core
dimension (Rwo ≈ Rc). The PREF model is motivated by
generating equal-flux lines by making the reluctance of each
path proportional to the Ampere-turns. Two elliptical func-
tions, a hyperbolic tangent function, and SC transformations
are used to model the shape of the flux lines guided by FES.
The procedure to construct all the flux lines is demonstrated
with an example, and the number of total flux lines is governed
by the selection of the initial path. The magnetic field at an
arbitrary position can be found from these equal-flux paths.
The inductance (energy) based on the field modeled is verified
by both FES and experimental results. Compared to existing
modeling method, the error for field calculation is reduced
to <10% by considering the fringing behavior with a finite
core dimension. The application of this method to coupled
inductors, as well as ac losses calculation based on the field,
will be covered in future publications.

APPENDIX A

The SC theorem states that the interior points of a strip or a
polygon bounded by straight lines can both be transformed into
points in the upper-half-plane. The equation that represents this
transformation is

dW

d Z
= k1 ·

n
∏

j=1

(z − z j )
αw j−1 (31)

dT

d Z
= k2 ·

n
∏

j=1

(z − z j )
αT j −1 (32)

where T is the strip domain; Z is the upper-half-plane domain;
W is the physical domain; z j are the corresponding images of
the vertices in physical domain; αT j and αw j are the interior
angles of the vertices in T and W domains, respectively; n is
the total number of vertices; k1 and k2 are constants.

In the first step, the two core plates are treated as a polygon
with vertices ABCDEF [see Fig. 20(a)], where C and F end
at infinity. This polygon in W domain is mapped to Z domain
with corresponding points A′B ′C ′ D′ E ′F ′ from left to right
on the real axis [see Fig. 20(b)]. The point C ′ is selected to
be 0 as it serves as the symmetric point in Z domain; the two
points farther from the air gap A and E are mapped to −1 and
1 in the Z domain; points B and D are mapped to −Z D and
Z D where Z D is a value determined from numerical solutions;
and F is mapped to infinity. In the second step, a strip with
vertices abcdef [see Fig. 20(c)] can be found that mapped to
the same points on the Z domain. Points c and f are infinities
to the negative and positive side; points b and d are selected
to be (0+ j) and 0; points a and e are found from numerically
solutions with values (TE + j) and TE , respectively. Therefore,
any vertical line within the T domain becomes a flux line in
the fringing area of the W domain as demonstrated in Fig. 20.
Table III summarizes the vertices and angles in each domain.

MATLAB provides a toolbox that provides SC transforma-
tion among strip domain, physical domain, and upper-half-
plane based on numerical solutions so that the value of Z D

and TE can be determined.
The mapping function from Z to W is the integral of (31)

W = k1

∫

∏

j≡A to F

(z − z j )
αw j−1dz + C1

= k1

∫

√
z2 − 1 ·

√

z2 − Z2
D

z
dz + C1. (33)

Substitute z2 in (33) by x and the indefinite integral of x
becomes

W = k1

∫

√
x − 1 ·

√

x − Z2
D

x
dx+C1 = k1· f (x)+C1 (34)

where

f (x) = √
x − 1 ·

√

x − Z2
D − a1 · arcsinh(a2 · √

x − 1)

+ a3 ln(a4 − a5
√

x − 1 ·
√

x − Z2
D − a1x)

− a3 ln(a4 + a5
√

x − 1 ·
√

x − Z2
D − a1x)
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C1 = Rc − (Hc + 0.5lg) · j

k1 = Rc − 0.5lg · j − C1

f (x = Z2
D)

(35)

where x = z2, a1, a2, a3, a4, and a5 are constants dependent
on Z D .

The transformation function from T to Z is the integral
of (32)

T = k2

∫

∏

j≡A to F

(z − z j )
αT j −1dz + C2 = k2 ln(z) + C2

(36)
where C2 and k2 are constants determined from the value of
TE and Z D

C2 = TE

k2 = −C2

ln(zD)
. (37)

APPENDIX B

The parameter R0H y is the position along the r axis where
the vertical magnetic field Hy becomes zero. The flux flows
from bottom to top core plate (assuming current direction
points into the page) when 0 < r < R0H y , and flows from top
to bottom core plates for r > R0H y . The amount of flux from
Rwi to R0H y is equal to that from R0H y to Rc

�Rwi_R0H y = �R0Hy_Rc . (38)

Therefore, the amount of flux from 0 to R0H y is one half
of the sum of flux from 0 to Rwi and 0 to Rc:

�Rc + �Rwi = �Rwi + 2�Rwi_R0H y + �Rwi = 2�R0H y

�R0H y = 1

2
(�Rc + �Rwi). (39)

The flux has the same relationship as the permeance, so the
position of the R0H y is found from

μ0π R2
0H y

lg
= 1

2

(

μ0π R2
wi

lg
+ μ0π R2

c

lg

)

R0H y =
√

1

2

(

R2
wi + R2

c

)

. (40)
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